Kuwait University Calculus II : Math 102 14 January 2012
Department of Mathematics Final Examination Duration : 120 minutes

The use of a calculator of any kind is not allowed. All communication devices includ-
ing mobile telephones should be switched off. Answer all of the following questions.

1. Prove the following. (3+1 pts)

(a) arctanz + arctany = a,rctan(lm 2‘1’;) fzy<1

(b) arctan(1/2) + arctan(1/3) = /4

2. Find lim (2 — z)**/2), (4 pts)

z—1

3. Sketch the parametric curve = 1+t and y = ¢ — 4t for 0 < ¢ < 5. Indicate with

an arrow the direction in which the curve is traced as ¢ increases. (4 pts)
dz
4. E ] 4
s ] 14sinz —cosx fuees)
5. Evaluate / e dz (4 pts)
' o 4+tan’z S

6. Find the area of the surface obtained by rotating the circle 2% + (y — 1) = 1 about
the line y = 0. (5 pts)

7. Find the arc length of the curve given by s =1 +e* and y =1 —¢f for —In2 <t
0. (5 pts)

8. Find the area of the region that lies inside the polar curve 7 = 1 — sin 6 and outside
the polar curve r = 1. (5 pts)

9. Find the centre of mass of the region above the z-axis and below the curve z = t—sin¢
and y =1 —cost for 0 <t < 2. (5 pts)
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1.

SOLUTION

(a) METHOD 1. Use

tana + tan b

t )= ——
an(a + b) 1 —tanatanbd

with a = arctan x and b = arctan y. This implies

r+y

tan(arctan x 4 arctany) = .
— 1y

if zy # 1. Hence,

x
arctan (tan(arctan z + arctany)) = aurctam(1 Ty ) :

The desired statement follows given that
7/2 < arctanx + arctany < 7/2 if xy < 1.

To show that this inequality is true, consider four cases. First, z < 0 < y. In this
case, —/2 < arctanz < 0 and 0 < arctany < 7/2. Second, y < 0 < z. This is
similar. Third, y > 0 and 0 < z < 1/y. In this case, 0 < arctanz + arctany <
arctan(1/y) + arctany = 7/2. Fourth, y < 0 and 1/y < x < 0. In this case,
0 > arctan z +arctany = — arctan |x| — arctan |y| > —m/2 by the previous case.

METHOD 2. View y as an arbitrary constant. Then for all x such that xy < 1,

T+ _ 1 (DA —azy) = (@+y)(-y) _
- 1—1—1562'

Hence, for all such x,

aurctam(flj +y ) = arctanz + C,
Y

where C' is a constant. Substituting = = 0 gives

C = arctany.



(b) Substituting z = 1/2 and y = 1/3 in the statement of part (a) yields

(1/2) + (1/3)

arctan(1/2) + arctan(1/3) = arctan =...=arctanl = %

1—(1/2)(1/3)

2. Take the logarithm.
an(mz . . In(2—-= 0
llir:ll In|(2 — z)=/2)| = glﬂl_)rr{ tan(rz/2) In(2 — x) = QI:ILI% W =0
which is indeterminate.
CAme-n o w2
v=1 L cot(ra/2) o=l [—csc(mw/2)] (n/2) T
So, by L’Hospital’s Rule,

limIn|(2 — z)™/2 | = 2/7.

r—1

[\]

Hence,

lim (2 — )1/ = .
r—1

3. Eliminate t =2 — 1. Theny = (z —1)?—4(z —1) = (x —1)(z —5) = (x — 3)* — 4
for 1 < z < 6. This describes a segment of the parabola with vertex (3, —4) and
x-intercepts at 1 and 5.

Y

(37 _4)

4. Use the Method of Weierstrass, i.e. substitute ¢ = tan(z/2). This gives

dz 1 2 1
. _ ~ dt = -.. = dt
1+sinx —cosz 1+ 2 — =] 4 ¢2 t(1+1)

1412 1+¢2

1 1
= /(2_1—+t> dt =In|t| —In|1+t|+C

= —In|l+cot(z/2)| + C.




5. By symmetry,!

T sec’x ™2 gec?x tan z
— dr =2 — dxr = arctan
o 4+tan*x o 4+tan‘w 2

6. Parameterize the circle with x = cost and y = 1 4+ sint for 0 < ¢ < 27. Then the
surface area is

? 27 2 2 2m
dx dy
2 = 2 _— _— ... = 2
/? 7wy ds /0 ﬂy\/<dt) + (dt) dt /0 Ty dt

21 9
=47~
0

/2

s
0 2

S

2w
= 27r/ (1+4sint) dt =27 (t — cost)
0

7. The arc length

0 d 2 d 2 0 0
L:/ \/(d—j) + <—y) dt:/ Vet 1 2 dt:/ e'v/2e2 1 1dt.
—In2 —

—1n2 dt In2

Substitute 2¢! = w and hence e'dt = (1/2)du, then v = tan6 and hence du =
sec? 0 df, and finally v = sin§ and hence dv = cos 0 df to obtain

arctan 2

1 /(2 1
L = 5/ vVuz+1ldu=— Vtan2 6 + 1sec® 0 db
1

2 w/4

1 arctan 2 1 arctan 2 9
= —/ se039d9:—/ #d&
2 /4 2 /4 (1 — Sin 0)2

1 2/V5 1
= —/ —“d’U
2 1/\/5 (]._U )

The partial fractions of the integrand are

A n B n C n D
v—1 (w—-1)2% v+1 (v+1)%

where
I = Aw—-1Dw+1)*+Bo+1)*+Cv—-1>*v+1)+ D(v—1)°

= AW’ +v* —v—1)+B@*+2v+1)
+ C(* = —v+ 1)+ D* —2v +1).

! Although the integrand has a discontinuity at /2, this is removable. So the integral is proper.

T sec’zx 1 tanz \ |"
— = d ~ arcta
/0 4 + tan® vF 2 ™ n( 2 > 0

. . . . . 2 .
because 3 arctan (222) is not a continuous antiderivative of 24— in [0, 7].
2 2 4+tan? x ?



Equating coefficients yields

Hence,

2/\f

A+C =0 A= —1/4
A+B-C+D =0 _ B = 1/4
“A+2B—-C—2D = 0 C = 1/4
—-A+B+C+D =1 D = 1/4.
AL 1 1 1 ;
é/wﬁ [_v—1+(v—1)2+v—|—1 (v )] v
1

1
+
1
<—ln|v—1|——1+ln|v+1| )
U_

[2\/_— V2 + (2 +v5) — In(1 + \/5)} :

=~ oo|r

. The first curve is a cardioid, the second is a circle.

r=1—sinf

The curves intersect when r =1 —sinf =1 = sinf =0 = 0 = knx for integer k.
Thus the area is

A

I I
5/ [(1—sing)* —17] d9:§/ (sin®# — 2sin ) df

—T —T

1[0 1 1
—/ (1 — cos20 — 4sin6) al@zé—l <9——Sin29+40039)

4 2

—T




9. The curve is a cycloid.

(x,y) = (t —sint, 1 — cost)

By symmetry the z-coordinate of the centre of mass is £ = w. The y-coordinate of
the centre of mass is
1 27 )
y = — dz,
V=54 Y

where A is the area, given by

27 27 dx 27
A = / ydx:/ y—dt:/ (1 —cost)(l —cost)dt
0 o dt 0

2m 1 2
= / (1—2COSt—|—COS2t)dt:§/ (3 —4cost + cos2t) dt
0 0

2

1 1
= — (3t —4sint — —sin2¢ = 3.
2 2 .
Hence,
1 2m 1 2m d 1 2w
y = — y2dx:—/ yQ—xdt:— (1 —cost)®dt
67 J, 67 J, dt 67 J,
1 27
= & (1 —3cost +3cos’t —cos’t)dt = - - -
T Jo
1 2
= — (5 —8cost + 3cos2t + 2sin®tcost) dt
127 J,
1 3 2 o 5
= Tox (5t—88int+§sin2t+§sin3t) ) = =5

Answer: (7,5/6).
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